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Resonant interactions between internal gravity waves propagating in a stratified shear
flow are considered for the case when the background density and shear flow vary
slowly with respect to the waves. In Grimshaw (1988) triad resonances were
considered, and interaction equations derived for the case when the resonance
conditions are met only on certain space—time surfaces, being resonance sites. Here this
analysis is extended to include higher-order resonances, with the aim of studying
resonant wave interactions near a critical level. Tt is shown that a secondary resonant
interaction between two incoming waves, in which two harmonic components of one
incoming wave interact with a single harmonic component of another incoming wave,
produces a reflected wave. This result is shown to agree with the study of Brown &
Stewartson (1980, 19824, b) who obtained this same result by a different approach.

1. Introduction

Resonant wave interactions in fluid flows have been intensively studied over the last
two decades (see, for instance, Craik 1986). For the most part, attention has focused
on the case when the resonance conditions are met globally, In this case the interacting
waves are infinite periodic wavetrains, the interaction equations can be integrated in
terms of elliptic functions, and the nature of the interaction is well understood. If,
instead, the interacting waves are wave packets, the interaction equations can
sometimes be solved by an inverse scattering transform algorithm and many interesting
solutions have been found. However, situations can arise when the resonance
conditions can only be met locally on certain space-time surfaces. This has been
studied in a model context by Grimshaw (1987), and for triad interactions in stratified
shear flows by Grimshaw (1988, hereafter denoted by (G3)).

In this paper we extend the analysis of (G) to consider higher-order interactions in
stratified shear flows for the case when the background stratification and shear flow
vary slowly on length and time scales associated with the waves. Resonant triad
interactions for internal gravity waves in the absence of any background shear flow
have been studied by Ball (1964) for a two-layer fluid, and by Thorpe (1966) for
continuous stratification. When a background shear flow is included, resonant triad
interactions have been studied in layered fluids by Cairns (1979), Craik & Adam (1979),
Tsutuhara (1984) and Tsutuhara & Hashimoto (1986), while Becker & Grimshaw
(1993) have considered the case of continuous background stratified shear flows.
However, in all these studies the resonance conditions are met globally, whereas in (G)
the resonance conditions are only met locally on certain resonance sites, being
space—time surfaces.

Our main aim in extending the analysis of (G) to higher-order resonances is to be
able to study resonant wave interactions near a critical level. In a series of papers,
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Brown & Stewartson (1980, 19824, b, hereafter denoted as (BS)) studied the nonlinear
processes affecting internal gravity waves propagating towards a critical level. They
showed that wave reflection and transmission were determined by a sequence of
resonant wave interactions in which the higher harmonics of the main incoming wave
played a crucial role in the interaction process. (BS) showed that the main incoming
wave, denoted as a steady wave being the wave which defines the critical level, and
another incoming wave, denoted as critical layer noise being a wave transient
associated with the generation of the main wave, interact near the critical level to
produce first a reflected wave, and then at a higher order, a transmitted wave. The
analysis of (G), although confined to triad resonant interactions, was able to mimic this
process by allowing the steady wave and the critical-layer noise to have different
harmonic components. But to reproduce the (BS) scenario exactly it is necessary to
allow the steady wave and the critical-layer noise to have the same harmonic
components, and this in turn makes it necessary to extend the analysis of (G) to include
higher-order resonances. This we do here by considering both primary and secondary
resonant triads.

In §2 we describe a modulated wave packet propagating in a stratified shear flow. As
well as describing the modulation of the amplitude of the primary harmonic, we also
include a calculation of the second harmonic and mean flow components. In contrast
to (G) which used a Lagrangian coordinate system, we here use an Eulerian co-
ordinate system to facilitate comparison with (BS). Then in §3 we derive the interaction
equations for a primary resonant triad, reproducing the result of (G), and also for
secondary resonant triads, in which either a second harmonic of one wave interacts
with the primary harmonic of two other waves (a second harmonic interaction), or a
bound harmonic produced by the interaction of two primary harmonics interacts with
one of these primary harmonics and a third wave (a bound harmonic interaction). In
§4 we apply this general theory to study wave interactions near a critical level. For this
purpose, we consider only two-dimensional flow configurations, assume that the
background shear is linear and that the density stratification is uniform. For simplicity
we also make a hydrostatic approximation here. Although the main purpose of these
specializations is to facilitate a direct comparison with (BS), we emphasize that many
analytical and numerical studies of critical layers have been carried out for this same
special case. As in (BS) we consider two incoming waves, a steady wave and critical-
layer noise, and then consider the possible primary and secondary resonant
interactions. We show that there are no primary resonant triads, but a secondary
resonance occurs which produces a reflected wave. The reflection coefficient of this
wave is calculated and found to agree exactly with the result of (BS). This demonstrates
that the nonlinear analysis of (BS) can be interpreted as resonant wave interactions in
the sense of this paper.

2. Modulated waves

Let the basic flow consist of the shear flow u,(z) = (#,(z), v,(z), 0) and the density field
po(2). Throughout we shall use non-dimensional variables based on a lengthscale 4, (a
typical wavelength), a timescale N, (where N, is a typical value of the Brunt—Viisild
frequency) and a pressure scale p, gh, (where p, is a typical value of the density). The
non-dimensional Brunt-Viisild frequency is N(z), where

dp
a_: = —fp,N*. (2.1)
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Here # = h, N?g ' is the Boussinesq parameter. We shall assume that the fluid is non-
diffusive and incompressible, so that the density p is given for all time by

p=pyz—0, 22
where ¢ is the vertical displacement of a fluid particle from its initial position. Thus
d€+u V¢, 2.3a)
d o
where i §+”0'V- (2.3

Here u is the velocity field relative to the basic flow, and w = u- k is the vertical velocity
component. The incompressibility condition is

V-u=0. 2.4)
To complete the equations of motion we introduce a pressure perturbation ¢ by
p = py(2) + 54, 2.5)

where p is the pressure, and p,(z) is the basic pressure field. Then the momentum
equation is

%{p—po(z)} -0, 2.6)

Next we assume that the basic flow varies slowly with respect to the length and time
scales of the wave field. Hence we introduce the slow variables

X=¢x, T=cet, 2.7

du ou
el .V e A QT v/
p{dt+u u+w az}+ g+

where ¢ is a small parameter. The basic flow is assumed to be a function of Z = ez, so
that u, = u(Z) and p, = p,(Z). Consequently from (2.2) p = pO(Z ). Consistent
with these hypotheses we assume that the Boussinesq parameter § is O(e) and we put
B = oe. Then (2.1) becomes

% — —op, N®. 2.8)
It follows that
p—poZ) = eop, N+ o€’ N,, 2.94a)
where N, =—Hp, N, &+ O(ed?). (2.9b)
Further, we now write the momentum equation (2.6) in the form
'D"(Z){dt +ew%~z—~}+Vq+poN2§k+M 0, (2.10a)

where M = py(2)u-Vu+ekN, +ae(p0N2§+eN1)( +u- Vu+ewaai). (2.10b)

Eliminating g and u from the linear parts of (2.34), (2.4) and (2.104) in favour of ¢ we
get

o d*(o gz
5(/)0@(6—5))+p0(dt2+N2)V§,§+M 0, @.11a)
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where
d 0 0 0 ou
M=Vi M, (V M) +— (p(,V2 I+— (p a—:))—ezéz(pogz")-vf,l,
(2.115)
and I=u-v¢ (2.11¢)

Here the subscripts H and ¥V denote horizontal and vertical components respectively.
In (2.11a) M contains all the nonlinear terms.

Now the linear part of (2.11a) is identical with the corresponding linear operator in
(G). Hence we employ the same methodology although we note that the nonlinear
terms are different since the present development is in Eulerian coordinates whereas
that in (G) was based on Lagrangian coordinates. Thus (2.114) can be written in the
form

g
L(at Y A e)+M 0. (2.12)
Here L(p,,p; Z;¢) is the linear operator defined by
L=_L,+eL, (2.134)
where Ly(PoP:Z) = p{(po+uyPr)* p*+ NPy}, (2.13%)
1 0 [aL,
L : .
and 1(P0’P> ) 2 az(apq> (2 13C)

Here p, = p-k is the vertical component of p.
In the remainder of this section we seek an asymptotic description of a single
modulated wave. Thus we put

{=o{A(X, T)exp (i) + *} + ea®¢ ® + O(e%®), (2.14a)
where 6= é@(X, T). (2.145)

The wave is described by a slowly varying amplitude 4 and a rapidly varying phase 6.
The local frequency w and wavenumber k are defined by

W =—-", K=V6. (215)
oT

Note that because an unmodulated wave is an exact solution of the fully nonlinear
equations (e.g. Grimshaw 1974), we can insert a factor e into the coefficient of the
perturbation term {®. In (2.144)  is an amplitude parameter, and in the next section
will be regarded as small. However, for the time being, it can be finite and (2.144) is
essentially an expansion in e. Clearly £® will consist of a second harmonic term and
a mean term, and so we anticipate that we may eventually put

£® = (4P exp (2i0) + #} + 4. (2.16)

Our main purpose here is the calculation of the second harmonic term 4A®, although
for completeness we shall also calculate the mean term 4. However, this latter
calculation requires a different procedure from that for the second harmonic, and
hence is deferred until the end of this section.
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As a preliminary to finding {® we define the dispersion operator

D(w,k;Z) = Ly(—iw,ik; Z), (2.17a)
so that D = p,{0**— N3}, (2.17b)
where O=w—UyKy, k=]|Kkl, ky=IKyl (2.17¢)

Here (2.175) follows from (2.135). Substituting (2.14a) into (2.12) we find that, at
leading order,
D(w,k;Z)=10 (2.18)

and so, as expected, the modulated wave satisfies the local dispersion relation. At the
next order, we obtain (see (G))

€a?L (P +ea{iD, Aexp (i) +*x)+ MP+... =0, (2.194)
oDad oD 1[a (oD oD
= ————— —_— - — M e A. 21 b
where DiAd=5 T VA+2[8T(aw) v (ax)] (2.190)

Here and subsequently V denotes the derivative with respect to X whenever the
argument implies that this must be the case. In (2.19a) M® is the ex® term in the
nonlinear expression M, and ... denotes all higher-order terms. To avoid secularities
¢®@ cannot contain any terms whose phase is ¢ since L, is then a null operator. Since
it will transpire that M ® contains no terms whose phase is 4, it follows that

D,A=0. (2.20)

Thus (2.18) and (2.20) determine the phase and amplitude respectively of the
modulated wave. Further (2.20) is the wave action equation, and can be put in the form

DJ
prtV (VJ) =0, (221q)
where V=V_o, (2.21h)
K J= g—QA2 = 2p, k> A* (2.21¢)
Ow
D d
and ﬁ,—— ﬁ+u0-v. (221d)

Here ¥ is the intrinsic group velocity, and J is the (complex) wave action density (see
Grimshaw 1984).
The next task is to calculate M®, First we note that, with ¢ given by (2.14q),

u=an{—idAexp (i) +*;+ ..., 222a)
where 7= k—%ﬂ, m=r-k. (2.225)
H

Here the omitted terms contain the second-harmonic and mean terms. Note in
particular that .x = 0, and so, to leading order, the velocity field is perpendicular to
the direction of phase propagation. At this stage, in calculating M ® we will only
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collect the terms that contribute to the second harmonic 4® in {® (see (2.16)). The
calculation of the mean term A4 requires a different procedure, and will be left until
the end of this section. First we consider I (2.11¢) and find that to leading order the
second harmonic terms in [ are given by

I® = 62V (G) {iA2 exp (216) + ). (2.23)

Similarly, it can be shown from (2.1054) that to leading order the second-harmonic
terms in M are given by

M® = ca®{&* (V1) — (- V) ] —3(py N®) s k + ap, N*&*n} {A” exp (2i6) + *}.
(2.24)

Hence, from (2.115) we find that the leading-order second-harmonic terms in M are
given by

M® = o> P®(A% exp (2i6) + *), (2.25a)
2
where PP =22 (p,N?),—6p, Nszr]-V(I;—I;)— 12p, N*c}; V1. (2.25b)
Then, from (2.16) and (2.194) we find that, to leading order,
DQRw,2x,Z)A® + PP 4% =0, (2.26)
Further, from (2.175) and (2.18),
DQuw,2«;Z) = 12p, N33, .27

In particular, D(2w, 2x; z) cannot be zero here and hence there are no second-harmonic
resonances. Thus from (2.26) we have

A® = @ 42, (2.284)
where @ = —L“, (2.28b)
12p, N?k3,
2 2 Nz)'
@ — gt X pog ) PNy 228
or v r]+2K§Ir] (Kz + 6p, N (2.28¢)

To complete the calculation of the first and second harmonics we must return to
(2.3a), (2.4) and (2.104a), and calculate the counterpart of (2.14a) for the velocity field
u and the pressure ¢. Only the former will be needed in what follows and we put

u = a{u® exp (i0) +c.c.} +ea{u® exp Qi) +c.c.} + *u® +.... (2.29)

Here the first harmonic 4™ is given to leading order by (2.224), while the mean term
u® will be calculated below. The second-harmonic term is given by, to leading order,

u® =10 A*(—pPn+ VK x k), (2.30a)
2
where u® = V(2)~%);—]\;\[)25——%0N2, (2.306)
0
k IS
and @ KXK gk} 2.
n o v p3 (2.30¢)

The mean flow component is best calculated by averaging the equations of motion
with respect to the phase 6. The technique is well established, and for the present
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problem the results have been previously obtained by Grimshaw (1974). Hence we shall
only give a brief outline here. First we define the averaging operator

1 2
= ﬁfo (...)d6. 2.31)

It follows that <u) = «®u‘?, etc. Then we apply the averaging operator to (2.3a), (2.4)
and (2.104). We find that the average of the nonlinear terms M (2.105) and I (2.11¢)
are given by, to leading order,

2
{M» =ea®{V-(Vky J)—kV-(VK:’nJ)—k(poNz)ZlAlz}+ s (2.32a)
and Iy =e2a?Vv.JO 4+ .| (2.32b)
where
A
JO = (|A|2)rz+v (@) 204) 5 xH+{x>< k- [ ("""JA')—2|A|uoz]}¥x><k‘

Ky Ky

(2.32¢0)

Hence the equations for the mean flow are

Du® du
{DT + po W' aZ}+,0 N*AOk +vq®

+V-(VxHJ)—k{V-(V%J)+(p0N2)Z|A|2} =0, (2.33q)
V-u® =0, (2.335)

DA(O)
{DT

and w® =g +V- J“’)} (2.33¢)

Note in particular that the mean vertical velocity a?w'® is O(e*x*) and can usually be
ignored. Also, the radiation stress forcing term in (2.33a) can be rewritten with the aid
of the wave action equation (2.214a) as follows:

V-(Vk,J) =——%(chJ). (2.34)

In what follows we are concerned only with the case when the wave packet varies
only with respect to Z and T, and we can consequently assume that the mean flow also
depends only on Z and T.. In this situation it follows from (2.33 ) that w'® is zero, and
then (2.33¢) shows that

A© = —%w. (2.35)

Using (2.34), the horizontal component of the mean momentum equation (2.334)
shows that

Pt = Jk,,. (2.36)

Finally, the vertical component of the mean momentum equation (2.334) determines
the mean pressure .
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3. Resonant interactions

We now seek an asymptotic solution of (2.114) which describes the interaction of
two modulated waves to produce further modulated waves. Thus we put

§=21)§,+6§V}§8+62§‘“+.... 3.D

Here each of ¢, ¢, is a single modulated wave, described by the analysis of the previous
section, where now the wave variables are indexed by r = 0, 1. Thus, from (2.144, b)
and (2.16),

¢ = a A, exp(if,)+ *} +eaX{ A® exp (2i6,) + *} + e A + O(e*a?). (3.2)

Here w,, x, satisfy the local dispersion relation (2.18), A4, satisfies the wave action
equation (2.21a), A® satisfies (2.284), and A is determined from (2.35).
Independently, for each r = 0, 1 they are asymptotically solutions of (2.11 ). However,
their nonlinear interactions generate further modulated waves, which are described by
the set {,,s = 2,..., N. The parameter 8 is a generic ordering parameter. Then we put

= A,exp(if)++ for s=2,....N (3.3)

and at leading order it is readily seen that the local dispersion relation (2.18) is satisfied
for each s = 2,..., N so that

D(w,,%,;Z) = 0. (3.4)
At the next order we get (see (G) and (2.194)),
~
8L &V +ed X {iD, A exp(i8)++}+ MDY = 0. (3.5)
§=2

Here D, A, is defined by (2.195), and M ™ contains the leading-order nonlinear terms
generated by the interaction of ¢, and ¢,. There are also, of course, nonlinear terms
generated by the interaction of {.,r=0,1 with {,s=2,...,N, or by interactions
amongst the set ¢, but these are assumed here to be of higher order, and hence we will
not need to consider them. To avoid secularities it is clear that {™ cannot contain any
terms whose phase is 6, (or indeed 6,, 6,) since L, is then a null operator (see 2.135) and
(2.17a)). 1t follows that

iedD, A, +[MPexp(—if,)] = 0, (3.6)

where [...] indicates that this nonlinear term contributes only when a resonance occurs
so that the phase of M® is . In the absence of such resonances, we see that
D, A, =0, or A, satisfies the wave action equation (see (2.21a-d)),

DJ,

DT+V-(VSJS)—O, (3.7a)
where V.=V, o, (3.7b)
and Kids = 2pyw k2 A2 (3.7¢)

It remains to identify the leading-order resonances, and to determine the form of (3.6)
when a resonance occurs. Here we identify three possibilities. The first occurs when the
modes » = 0,1 and s = 2, say, interact to form a resonant triad. This was the case
discussed by (G) but we summarize the results here for convenience. The second occurs
when the second harmonic of the mode r = 0 interacts with the first harmonic of the
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mode # = 1 to generate the mode s = 2, say. The third occurs when the first harmonics
of the modes r = 0, 1 interact to produce a bound component, which then interacts
with the first harmonic of the mode r = 0 to generate the mode s = 2 say.

(1) Resonant triad interaction This is the case discussed by (G) although the analysis
there was in Lagrangian variables. Here we have repeated the analysis in the present
Eulerian variables, and will summarize the outcome. Let us define

1
Oy +0,+6,= EX(X’ 7), (3.8a)
so that wy+w, +w =—a—X (3.8h)
0 1 2 OT’ '
and Ky+K +E,=Vy. (3.8¢)

Then a resonance occurs at those locations where ¢y/07 and Vy vanish simultaneously.
Here we are supposing that the modes r = 0 and 1 are interacting to produce mode 2,
and hence we evaluate the term [...] in (3.6) for s = 2. Omitting details we find that

[M(l) exp (—i6,)] = —ia,a, p, N33, v AT AT exp (—ix/e), (3.94)
m

where y = K—:(?]O-kz)(lll-kz)—l- I (3.95)
2

Here the omitted terms in (3.95) are obtained by a cyclic interchange of the indices 0,
1,2 and we recall that 5 and m are defined by (2.224). Substitution of (3.94) into (3.6)
then gives the required equation for 4,. Note that (3.9¢, &) corrects a minor misprint
in (2.21a-—c) in (G).

The amplitude equation is thus (3.6) with the nonlinear term given by (3.9a) and D,
defined by (2.195). In what follows we do not need the full form of this equation, and
it will be sufficient for us to treat it as an equation describing how the waves r = 0, |
interact to produce the wave s = 2 near a resonance site, defined by (3.10) below. To
simplify the form of (3.6) near a resonance, we follow (G) and assume that the
resonance conditions

wytw,+w, =0, K,+K+kK,=0 (3.10)

define a resonance surface R(X, 7') = 0. On the resonance surface y is a constant which
we shall set to zero. Since y, and Vy vanish on R = 0, it follows that near R = 0 we
may assume that y o«c R®. Hence we rescale and put

R=ér, y= LS, (3.1

where 7 is a coordinate transverse to the resonance surface. Substituting these variables
into (3.6), where we recall that D, is defined by (2.194), and using (2.175) and (3.9q)
we get

L, 04 .
676,82%7—2 =y, YAy AF exp (—4HSTY), (3.12a)
2 (3R
h =—|—=+V,-VR)|. .
where S 62(6T+ A )) (3.12b)

Here £, and y are evaluated on the resonance surface R = 0. Equation (3.124) now
implies that the amplitude parameter § = o, a, €% for this interaction, where we require
that ¢ < 1.
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In general, there are two similar equations for 4, and 4, obtained by a cyclic
interchange of the indices in (3.12a), and the three equations together define an
exchange of energy between the three modes during the interaction. Here, however, we
are taking the point of view that 4, and A, are already specified, and (3.12a) describes
the generation of A4,. Strictly, there are changes in the amplitudes of 4, and 4, during
the resonant 1nteract10n but these have magnitudes «, 0/, and «, 8/ €, respectlvely,
and with & =,a ¢ for this interaction, can be ignored if o <e and o2 <6
respectively. Hence, in (3.12a) we suppose that 4,and 4, are constant (i.e. independent
of the local variable 7), and so the solution is

A, =L 4 A*f exp(—4Sr?)dr. (3.13)
ﬁZ —o0

Here, we are assuming that 4,0 as 7—— oo which will be the case if the sense of 7

increasing is chosen to be consistent with causality. Then, as 7— oo corresponding to

the generation of 4,, we get from (3.13),

A, — I;;A* A¥ (fSl) exp( (sign S)). 3.14)
This is the amplitude of 4, generated by the interaction of 4, and A4,, and is the main
result of this subsection. Away from the resonance site, the amplitude is determined by
(3.7a) (with s = 2), and (3.14) is effectively an initial condition for this equation.

(i) Second harmonic interaction The description of this interaction is one of the two
main purposes of this paper. We suppose that the second harmonic of the mode
r = ( interacts with the first harmonic of the mode r = 1 to generate the mode s = 2.
Hence we define

20,+6,+6, =%92(X, T), (3.154)

ox
so that 200+ o+ w, = a7 (3.155)
and 2K, + K, +x, = Vy. (3.15¢)

Then a resonance occurs at those locations where 0§ /07 and Vy vanish simultaneously.
Here we are supposing that the modes r = 0 and 1 are interacting to produce mode 2
and hence we evaluate the term [...] in (3.6) for s = 2 to get

[M exp (—i6,)] = —ieafa, p, Nily Y2 432 Afexp(—ix/e).  (3.164)

m A
where y® = e 2("0 1) (K- 11) 77 + Kl(’co n,) (K, "{)2))"'7{?2("0"’1) (x,-4g?), (3.16b)
1 2

K2 2 Sk? 2 5 N2
PR = _V.p+ n- (':;1) ;H(m ) +2_:12,,.v<m )+§(p0 N2)Z’ (3.16¢)
0

2c% 2 KH
W = jPg+oPr x k+ Pk, (3.16d)
2 2
o = X g (ke 1(py N,
A= ( )*3 P (169

K

and 6“2’=—£2—— v K (3.16f)
2m/<§,” 2 ) 161
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and we recall that ¢® is defined by (2.30¢). Here the coefficients v{? and #? in (3.165)
are given by (3.16¢, d) evaluated for the mode r = 0. The coefficients #® and &® are,
of course, determined from v® (2.28¢) and u® (2.304), but the derivation is very
lengthy and we shall omit the details. Note that y® is symmetric with respect to the
indices 1 and 2. Substitution of (3.16a) into (3.6) now gives the required equation for
A,.

As in case (i) above the amplitude equation (3.6) is regarded as an equation
describing how the waves r = 0, | interact to produce the wave s = 2 near a resonance
site, now defined by (3.17) below. To simplify the form of (3.6) necar a resonance, we
follow the same procedure as for case (i) and assume that the resonance conditions

20p+ 0, +wy =0, 2K+K,+5,=0 (3.17)

define a resonance surface R(X T) = 0. On this resonance surface ¥ is a constant which
we shall set to zero. Since §, and V§ vanish on R = 0, we assume that % oc R?, and so
rescale so that

R=¢r, §~ LS (3.18)
Substituting these variables into (3.6) we now get
105 04y 2 (2) g%2 4% 1: &2
e*&ﬁzﬁ = eago, YW AF? Af exp (—3157), (3.194a)
R
where By = (6T+ V- VR) (3.195)

Here §, and y® are defined on the resonance surface R = 0. Equation (3.19a) now
implies that the amplitude parameter 6 = « «, ¢ for this interaction.

There is a similar equation for 4, obtained by an interchange of the indices 1 and
21in (3.194), and the two equations together define an exchange of energy between these
two modes. Here, however, as in case (i) we are taking the point of view that 4, and
A, are already specified, and so (3.194) determines the generation of A,. Strictly there
are changes in the amphtudes of A, and A, during the 1nteract1on but these have
magnitudes «, 8/¢* and et d/a, respectlvely, and with & = a2, ¢ for this interaction,
can be ignored if o, o, < 1 and exg < 1. Hence, in (3.19a) we can suppose that 4, and
A, are constant, and so the solution is

2) T .
A, = LA;;* A¥ J exp (—3iSr?)dr, (3.20)

2 -0
where we are assuming that 4, >0 as 7—— co. Then, as 7 — oo we obtain the following
expression for the generation of A4,:

(2)

A, L.

AF? AF (2 ) exp(——*(mgnS)) (3.21)
2 AY
This is the amplitude of A4, generated by the interaction of the second harmonic of the
mode r = 0 with the first harmonic of the mode r = 1, and is the main result of this
subsection. Away from this resonance site, as in case (i), the amplitude is determined
by (3.7a) (with s = 2), and (3.21) is effectively an initial condition for this equation.
(iti) Bound harmonic interaction The description of this interaction is the second
main purpose of this paper. We observe that the first harmonics of the modes r = 0, 1
can interact to produce a bound component with phase (6,+8,), where we are
assuming here that there are no triad resonances in the vicinity. Then this bound
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component interacts with the first harmonic of the mode r = 0 to generate the mode
s = 2. The resonance conditions are the same as those for case (ii) and hence given by
(3.17).

To calculate the amplitude A, for this interaction we must first modify the expansion
(3.1) to include the interaction which produces the bound harmonic. Thus we replace
(3.1) with

AT

E= Sl 485 C D (3.22)

Here the bound harmonic is denoted by ¢, and given by
o1 = oo {iv @Ay A, exp (il +0,]) + %} (3.23)

The coefficient » is calculated in a similar way to that for the second-harmonic
coefficient v® (2.17), or indeed to that for the coeflicient y (3.95) in the triad
interaction. Thus we obtain

Dlwy+ vy, kg + 5,3 Z) §01+M(10) =0, (324

where MY is the leading-order term in the nonlinear term M arising from the direct
interaction of the first harmonics. Note that since we are assuming here that there are
no triad resonances, we can assume that D(w,+ v, k,+k;; Z) is not zero. Then (3.24)
provides the means for calculating »'”. We omit details and find that
() o X
D(wy+wy, Ky + Ky Z) p_ = — Ky + 5, | {5 (g, - 10,) + O (g, - Ky )}
0

—2my Oy(my+my) (g k) (7, -K,). (3.25)
Next we assume that {,, interacts resonantly with ¢, to generate the mode {,. As in case
(i1) we define ¥ by (3.14a—¢) and then resonance occurs at those locations where ¢y/0T
and V# vanish simultaneously, or where the resonance conditions (3.17) hold. The
remaining analysis is similar in form to that described in case (ii). We let (3.17) define
a resonance surface R(X,7T) = 0, then introduce 7 by (3.18) and finally obtain from
(3.6) the amplitude equation

15 0A .4
€843, 8—7'2 = ala, yWA¥* AF exp (—1iSTY), (3.26a)

P )
where YO = my(B, — &) — &,
2

2
2

m,m, + k2
( omz_ KHZ)'IO"CI}

Y (my+my)
BF [Kgry+ K

oA Wy M
{kHO'(KH0+KH1) (@D — @)+ (:<2 (Ko Kira) "O'Kl}
2

10,

+-2n,-k, V¥ +i0®, (3.26b)
Wy
PO = (By+6) v +Dy(my 1) + O, (11, - 16,), (3.26¢)

and

. 202 2Y (A A A2 3
o = (k- Kpy X Kppy) { my  my }{wo ®y | O (Kgrp Kirg+ My My Ky KHO)}
2 2 2 3 A AN 3 2 ‘

K g0+ K Kg1 Kyo Wy (@, + 0y) K3y Ko

(3.26d)

Note that unlike its counterpart y® in (3.194) the coefficient ¥ is not symmetric in
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the indices 1 and 2 owing to the different roles played by the modes 1 and 2 in this
interaction. Equation (3.26 @) implies that the amphtude parameter 6 = aa, € =3 for this
interaction, and hence we requlre that aja, <€ ¢. Significantly the amplitude parameter
for this bound interaction is larger by a factor ¢! than the corresponding amplitude
parameter for the second-harmonic interaction.

The remaining analysis is similar to that following (3.194) for the second harmonic
interaction. We assume that 4, and A4, remain constant during the interaction which
requires that o, o, < ¢ and that oy < 1. Then the solution of (3.264) is

(0) T "
A, = %A;”A;" f exp (—LiSr?) d7, (3.27)

2

where we are again assuming that 4,—~0 as 7——oco. Then as 7— o0 we get

7(0) o2 L
A, »TA*A*( ) exp(—(51gn S)) (3.28)
Bs S
which is the amplitude of 4, generated by this bound interaction. Away from the
resonance site the amplitude is determined by (3.74) (with s =2), and (3.28) is
effectively an initial condition for this equation.

4. Wave interactions near a critical level

The analysis of the previous section has identified a scenario in which wave triads
interact in the vicinity of certain resonance surfaces. We envisage a sequence of such
interactions in each of which a pair of waves interacts to produce a third wave,
determined either by (3.10) for a primary resonant triad, or by (3.17) for a secondary
resonant triad. During each such interaction the amplitude of the third wave produced
is given by (3.14), (3.21) or (3.28) respectively. Outside the resonance surfaces the
amplitude of each wave is determined by the appropriate wave action equation
(3.7a—). To illustrate this process we choose the particular example of waves
approaching a critical level. This choice is motivated by the series of papers by Brown
& Stewartson (BS) on the nonlinear processes affecting internal gravity waves near a
critical level. They showed that wave reflection and transmission were determined by
a hierarchy of wave interactions. Importantly for the present work they showed that
the second harmonic of the main incoming wave plays a major role in initiating this
process. In (G) we modelled this process using only primary resonant triad interactions
(i.e. satisfying (3.10)). Here we follow the work of (BS) more closely, and imitate the
process with a secondary resonant triad. Further, here we shall also keep track of the
wave amplitudes.

4.1. Wave classification

To model a critical level, placed at Z = 0, we choose the Brunt-Vaisild frequency N
to be constant, and put #, = (Z, 0,0). The small parameter ¢ is a measure of Ri~ * where
Ri is the Richardson number of the basic flow at the critical level. We assume that x;
(the horizontal component of k) is constant and parallel to #,, and to simplify the
analysis we also assume that m* > «3,, where m is the vertical wavenumber component.
This is an appropriate assumption for waves near a critical level. Then the dispersion
relation (2.18) has the approximate solutions
_ NIk

Y= w—kz = TN .
()] w z +m, (41)
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where & = (k,0,m) and we recall that «, = |k| is a constant. The alternate signs refer
to waves whose vertical group velocity is positive (negative). Equation (4.1) is a partial
differential equation for the phase @, where we recall from (2.15) that w = — @, and
m = @,. 1t is sufficient for our purposes to generate the following family of solutions
of (4.1). We put k = nK where n is an integer, X > 0 and let

O =sNInT+kX+ Nfin)+E, 4.2a)
where 5 =KZT/N, (4.2b)

s is an integer, and E is a disposable constant. Hence
N , ,
w=—(s+af (1), m=KIf(). (4.3)

Substituting these expressions into (4.1) we get
nf+(ny+5)f Flnl = 0. 4.4)

The particular choice (4.2a, b) is motivated by the analysis of (BS) who found waves
of this form in their study of nonlinear interactions near a critical level. (G) gives a
comprehensive discussion of the solutions of (4.4), but for convenience we shall
summarize that here. For each integer pair (n,s) there are two solutions of (4.3) with
positive group velocity and two solutions with negative group velocity. We shall denote
each solution as {#, 5,1, + } where = 1, 2 refers to the two solution branche of (4.3) and
+ refers to positive (ncgative) group velocity.
The trajectory of each wave is found by integrating the equation

dz Nk

7= W=+ e 4.9
where W is the vertical group velocity. Away from resonances the amplitudes are
determined from the wave action equation (2.21a) which reduces here to

Jr+(WJ), =0, (4.6a)
with J = constant x mA> (4.65)

It will be shown_below that the resonance surfaces are level surfaces of #, and hence
we may put R, R = (3 +constant). It then follows from (3.125) and (3.195) that

= (15)
PBe=——=| 11 . 4.7
First, consider the solutions {n,signn, i, —} which are given by
f=-—(signn)y ", —n (4.8)

for i=1,2 respectively. The corresponding frequency and vertical wavenumber
components are

w=0, kZ—(signn)‘]]g, (4.94a)

and m = —(signn) g kT, 4.95)

The first of these, i = 1, corresponds to a steady wave propagating downwards, and is
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just the steady wave analysed by Booker & Bretherton (1967), and found by them to
undergo critical-layer absorption in the linear theory. Its trajectory is given by

K—NZ = (jn| T +constant) . (4.10)
Thus, in Z— 0 it represents a wave propagating towards the critical level at Z = 0 as
T— oo, while in Z < 0 it represents a wave propagating away from the critical level
with Z—— o in finite time. If it is assumed that the wave is generated far above
the critical level, then its wavefront is given by |#|% = 1, and it occupies the region
|n]n > 1. The second solution, i = 2, in (4.8) corresponds to critical-layer noise in the
terminology of (BS) and is a transient associated with the start-up process. Its
trajectory is
ENg #ﬁ constant. 4.11)
Thus it represents a wave which propagates down to some finite level of Z as 7' co.
Away from resonances the amplitudes are found from the wave action equation (4.6 a).
For the boundary condition used by (BS) at the level where the waves are generated,
the amplitudes are proportional to Z 7z and Ti(n|p—1)"fori=1,2 respectwely The
steady wave (i = 1) becomes infinite at the critical level. The critical layer noise (i = 2)
is singular at [n|5 = 1, but this is a consequence of the asymptotic approximations
inherent in modulated wave theory, and the singularity is replaced by a boundary-layer
structure in the full-wave theory of (BS 19824). Finally the coefficients £,, ﬂ2 (4.6) are
given by

Bor By = £y =1), @“12)

for i = 1,2 respectively.
Next, consider the solutions {n, —signn, i, + } which are given by

S =(signn)n~t, —n 4.13)

for i = 1,2 respectively. These solutions are analogous to those just discussed except
that the group velocity is now positive. The first solution (i = 1) corresponds to a
steady wave propagating upwards towards the critical level at Z = 0if Z < 0, or away
from the critical level in Z > 0. The second solution (i = 2) corresponds to upward-
propagating critical-layer noise.

Now we turn to the general case and seek solutions {n,s, i, +} with positive group
velocity. From (4.3) these are given by

29f" = —(ny+5) £ {(ny +5)* + 4y |n}? (4.14)

for i = 1,2 respectively. For s(signn) < — 1, both branches are defined for all #, except
possibly # = 0. For s > 0 the branch i = 1 is regular at 5 = O(f" = |n|s™!), while the
branch i=2 is singular (f" =~ —sy™"); for s <0 the branch i=1 is singular
(f" = —sy™ "), while the branch i =2 is regular (' ~ |r|s™). As > o0, " ~ 57" for
i=land f'~—n—(s+1) g *fori=2,whenn>0;ifn<0,f ~—n—(s—1)y" for
i=1and f" ~—7*for i = 2. Comparing these results with (4.13) we can interpret the
branch for which f* ~ (signn) 7" as - oo as an upwardly propagating steady wave,
and the branch for which /" ~ —n as an upwardly propagating critical-layer noise.
Similar considerations apply when » - — co. The trajectories are found from (4.5) and
are given by

T(f" +n) = constant. 4.15)
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Both branches are hyperbolae in the (Z, T)-plane and, depending on the sign of the
constant in (4.15) and sign n, correspond either to a wave that propagates to Z — oc in
finite time, or to a finite value of Z as T— oo. The wave action equation (4.6a) can be
integrated along each trajectory and we get

J = constant x f”(f" +n)"2 (4.16)
Finally the coefficients f,, £, (4.6) are given by
N 2 , A
=F_—— 4yln|): 4.17
Bas Pa +M"| {(nn+ )"+ 4ynl} ( )

for i = 1,2 respectively.
For s(signn) > 0 both branches are defined only in # > %, and » < %, where

Il 7, 5 = —{2+ s(sign n)} £ 2{1 +s(sign )}, (4.18)

The two branches are equal at the turning points #, , and we can regard the two
branches as forming a single wave, one defined for % = %, and the other for # < y,.
Note that 9, < %, < 0 and %, = 0 only if s = 0. The behaviour as 4 >0 or y >+ c0 is
the same as that described in the previous paragraph. The wave trajectories are again
given by (4.15), and we note that since {(ny + $)>+ 4o7in|}% vanishes at the turning points
7.5, these mark a transition between branches. The trajectories are again hyperbolac
in the (Z, T)-plane, and correspond either to a wave propagating to Z - co in finite
time, possibly passing through a turning point, or to a wave that propagates to a finite
value of Z as T'— oo again possibly passing through a turning point. The wave action
is again given by (4.16) with g,, §, given by (4.17).
For the solutions {n,s,i, —} with negative group velocity, we find that

29f" = —(ny+5) £ {(ny+5)2 —dyln|}. (4.19)

This can be analysed in a similar way to (4.14). We shall not give details except to
observe that the transformation  >—#,n->n,5->—s and an exchange of branches
takes (4.19) into (4.14).

4.2. Resonant interactions

With these preliminaries we now turn to an examination of wave interactions. Primary
resonant triads (3.10) were discussed in detail in (G), and secondary resonant triads
(3.17) can be discussed in a similar way. First let us note that for a primary resonant
triad given by the waves {r,, 5;, i, £ } for j = 0, 1, 2 the resonance conditions (3.10) imply
that

ny+n4+n, =0, s,+5+s5,=0, (4.20a)

and 22] fi(p) =0, (4.205)

where of course each f; corresponds to the wave {n;, 5,1, +}. Using (4.14) and (4.204)
it can be shown that (4.205) reduces to

2
2 (o +s) T 4ylnlyE = 0. 4.21)
=0

For a given pair of waves j = 0,1 equations (4.204) determine n,, s, and then (4.205)
or (4.21) determines the values of 4 where a resonance can occur. It can be shown that
(4.21) can be reduced to a quadratic equation in %, and when this has real solutions
there arc two possible resonance sites.
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Next, for a secondary resonant triad, the resonance conditions (3.17) imply that
2ny+n+n, =0, 2s,+s5,+s5,=0 (4.22q)
and 2y +f1+/,=0. (4.225)
Using (4.14) and (4.224) it can be shown that (4.224) reduces to

2
+2((ng 7+ 50)* LAl 4 X £ {4 5, + 4l = 0. (4.23)
i=1
As for (4.21) this can be reduced to a quadratic equation. Like the primary resonant
triad, for a given pair of waves j = 0,1 equations (4.224) determine n,,s, and then
(4.22b) or (4.23) determines the values of  where a resonance can occur.,

Here, we shall not explore the implications of the resonance conditions (4.204, b)
and (4.22 g, b) in the general case. Instead we shall examine the sequence of interactions
generated initially by the interaction of a steady wave and critical-layer noise, both
approaching the critical level from above. Our purpose here is to model the scenario
described by (BS) for the transient behaviour near a critical level. Tmportantly, both the
incoming steady wave and the incoming critical-layer noise are generated by the same
harmonic source, and hence we must put |#,| = |1,| where the two waves are denoted
by j = 0,1 respectively. Hence we describe the incoming steady wave by {1,1,1, —}
with f; = —#7', and the incoming critical-layer noise by { — 1, — 1, 2, —} with f] = 1 (see
4.8),1.e.n,=1,s5,=1and n, =—1, s, = —1. The respective amplitudes are given by
(see the discussion following (4.11))

T: .
Ay=Co—Hp—1), 4, =C T(n-1)", (4.24)
/'72

where C, C; are constants, and we recall that # is given by (4.25) so that (T /77)% is
proportional to Z .

It is readily shown that no primary resonant triads are possible. Note that the
incoming critical-layer noise could also be described by its complex conjugate
{1,1,2, —} with f{=—1 and »#, = 1,5, = 1. But it can again be shown that no
primary resonant triads are possible in # > 0, which is where the incoming waves are
specified. However, a secondary resonant triad is possible with n, = —1 and s, = —1,
corresponding to the wave {—1, —1,i, +}. If the j=2 wave is {—1, —1,i{, —} with a
negative group velocity, then f; = ™' fori = 1 and f, = 1 for i = 2 (see (4.8)). But these
are just the incoming steady wave and critical-layer noise respectively, and the only
possible resonance at 7 = 1 is degenerate. Hence we must consider the j = 2 wave to
be {—1, —1,i, +} with a positive group velocity, where

2nf; = p+ 1+ {*+6p+ 1} (4.25)
Both branches are defined in % > 0 (in fact for » > —3++/8). For the branch i =1,
i ~ 14297 as y— oo, while for i = 2, f; ~ —#~! as 5 — o0, corresponding respectively
to critical-layer noise or a steady wave as 5> oo. The possible resonance sites are
found from (4.226) or (4.23) and are given by 5 = 3+ +/5). Only 5 = }(3++/5) lies
iny > 1 and is relevant since the incoming steady wave is only defined in 4 > 1. Further
this resonance exists only for the branch i = 2. To summarize, the incoming steady
wave and critical-layer noise undergo a secondary resonance at » = 3, = 3(3+/5) to
produce the wave {—1, —1,2, +} which propagates upwards away from the critical
levcl, and as # — oo has the appearance of an upwardly propagating steady wave. This

agrees with the results of (BS) who interpreted this as a mechanism for wave reflection
from the critical level.
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To this point there is no distinction between whether this secondary resonant triad
is a second harmonic interaction (case (ii) in §3), or a bound harmonic interaction (case
(i) in § 3). However, this distinction emerges when we calculate the amplitude 4, at the
resonance site, which is given by (3.21) for case (ii) or (3.28) in case (iii). Let us first
consider (ii), the second harmonic interaction. Here we use (3.16b) to find y®, (4.17)
for f,, (4.24) for 4, and 4,, while S is given by

8 = NQS AL 4L ens (4.26)

This last expressmn is a consequence of (3.18) where we put R=(@- 770) and use
(3.154) for x. We find that S= 24/5N/3v5 where v, = }(1++/5) and 7, = vj. Next we
calculate 4, from (4.17) and get §, = 6w,/N. It remains to calculate 'y(Z) from (3.165).
This is a lengthy calculation whose details we omit. With 4, and A4, given by (4.24) we
can now deduce from (3.21) that, at the resonance site 3 = 7,, the amplitude 4" for
this case (ii) is

APy =) = —CF* CY (4.27)

= —_—

KT (3m)t (14— %) ( in)
4N 5 £ OP\TE)

Finally, we use the wave action equation (4.6 @) with solution (4.16) to determine the
amplitude 4% for values of 4 away from the resonance site 9 = #,. The result is

A 4y = = {BEZDP RGO @28
f‘Z f‘2 (p=n¢)
where f;(%) is defined by (4.25) with the — sign. Finally as »— o0 we obtain
AGD o RAD* ﬁ (4.29q)
2 0 19 .
772
273 1 ;
where R = C¥C¥ KT { 3w —doy) exp( {E)} (4.298)
Nt |16 5 (2w,)? 4

Comparing (4.29 a) with (4.24) for the incident wave amplitude 4,, we see that R can
be interpreted as a reflection coefficient due to this resonance mechanism. This
definition is essentially the same as that used by (BS) and although they did not
calculate the equivalent of R explicitly, the fact that R is proportional to 7? is
consistent with their analysis.

Next consider case (iii), the bound harmonic interaction. The calculation is similar to
that for case (ii) described above, but now 4, at the resonance site is given by
(3.28). Here we use (3.265) to calculate y© whlle By A, A, and S are given by the
same expressions as for case (ii). After a lengthy calculatlon we find that, at the
resonance site 3 = 7,, the amplitude 4{"" for this case (iii) is

1 KETiNE (3n)t 1 in
Ay = g = g e T O e (7). (@.30)
Yo

Again we use the wave action equation (4.6a) with solution (4.16) to determine the
amplitude 4" for values of 5 away from the resonance site 5 = 7,. The result is the
same as (4.28) with the index (iii) now replacing (ii). Finally as 5 -0 we obtain

C*T~

A {iii) R(lll)
2 772
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(111) — * * 3 1 % ] (E)}

where CYC¥K*T*N: {85 (2w) exp| 4 - (4.31)
Remarkably, this expression for R agrees exactly with the corresponding reflection
coefficient calculated by (BS). The calculation of R and R are the main results of
this paper. But in comparing the respective magnitudes it must be recalled that for the
second harmonic interaction (ii) the amphtude parameter § = o x, ¢t whereas for the
bound harmonic interaction (ii) é = ala, € ~: and hence the reflected wave for the
bound interaction is larger by a factor of ¢! than for the reflected wave for the second-
harmonic interaction.

Next we consider the case when the incoming steady wave is again described by
{1,1,1, —} but the incoming critical-layer noise is described by its complex conjugate
{1,1,2, —}. For a secondary resonant triad to be possible we now have n, = —3 and
s, = —3. But it can be shown that no resonances are possible in % > 0, and since the
incoming steady wave is only defined in % > 1, we see that this need not be discussed
further.

Another possibility is to interchange the roles of the incoming steady wave and
incoming critical-layer noise, so that j=01is{—1, —1,2, —} with f; = 1 and n, = —1,
5, = —1 (incoming critical-layer noise), while j =1 is {1,1,1, —} with f{ = —y~" and
n, = 1,5, = | (incoming steady wave). Of course this makes no difference for primary
resonant triads for which the system is symmetric with respect to j =0, 1. But for a
secondary resonant triad it is now the critical-layer noise that has the distinguished
role. A secondary resonant triad is possible with n, = 1,5, = 1 corresponding to the
wave {1,1,7, +}. If this j =2 wave is {1,1,i, —} with negative group velocity then

fa=—n""fori=1andf, = —1 fori=2, and the system is degenerate. Hence we must
choose the j =2 wave to be {1, 1,7, +} with positive group velocity and
20fy = =+ D2+ 6+ 1R 4.32)

Note that these are precisely the same wave possibilities considered previously (see
4.24)). The only possible resonance is again at 7 = 7, = 43+ +/5), and only exists for
the branch i =2. As y— oo this branch behaves as critical-layer noise since then
f; ~—1. To summarize, the incoming critical-layer noise and steady wave undergo
a secondary resonance at 5 = 7, = 3(3++/5) to produce the wave {1,1,2, +} which
propagates upwards away from the critical level and as # —+ oo has the appearance of
upwardly propagating critical-layer noise. It would now be possible to calculate the
corresponding amplitudes 4, for cases (ii) and (iii) in the same manner as described
above. However, we shall not do this since this resonance does not produce wave
reflection in the sense defined by (BS).

(BS) go on to consider higher-order interactions than those described here in §3, and
in particular calculate the coefficient of the second harmonic of the reflected wave
which is produced by a resonance between a bound harmonic with phase (26,+ ¢,) and
the first harmonic of the mode with phase §,. They also show that even higher-order
interactions can produce a transmitted wave, but do not calculate the transmission
coeflicient explicitly.

Here, however, we have chosen {o confine our attention to the resonances (i), (i) and
(iii) described in §3. So far we have considered the resonant interactions between an
incoming steady wave and incoming critical layer noise and found that a third wave is
generated at the resonance site » = 5, = 3(3++/5) and propagates upwards. But now
we have the possibility to consider further resonant interactions between either an
incoming steady wave or incoming critical-layer noise (j =0 or 1) and the newly
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generated wave (j=1 or 0) with phase function f{) given by 2¢f =
7+ 1—{n*+6n+ 1} (see 4.25) and (4.42)). Considering both primary and secondary
resonant triads, and taking into account all possibilities we find that no such further
resonances are possible in > 5, which is where the newly generated wave is defined.
Hence in the context of this study the calculation of possible resonances generated
within the critical layer is completed.

5. Discussion

In this paper we have developed a general theory for secondary resonant triad wave
interactions in a stratified shear flow, thus extending the analysis of (G) which
considered primary resonant triads. The main purpose of this theory was to consider
the resonant interaction between waves near a critical level, with the aim of showing
that the study by (BS) of nonlinear processes near a critical level can be interpreted by
the mechanisms described in this paper. As in (BS) we considered two waves
approaching a critical level, these being in their terminology a steady wave and critical-
layer noise. Then we showed that a secondary resonance, defined by (3.17), in which
two harmonic components of the steady wave interact with a single harmonic
component of the critical-level noise, produces a reflected wave. This result agrees with
(BS), and indeed our calculation of the reflection coefficient (4.41) agrees with theirs.
The (BS) result was obtained for a two-dimensional flow configuration, with linear
background shear and uniform density stratification, and utilizing the hydrostatic
approximation. Even so, their analysis involved very complicated and technically
difficult asymptotic and perturbation methods, which do not reveal easily the
underlying wave resonance mechanisms. Even though our reanalysis of the transient
critical layer in §4 uses the same specializations as (BS), we contend that placing the
analysis in the context of a general theory of wave resonances reveals more clearly the
central role of wave resonances, and indicates how the transient critical layer might be
understood in more general circumstances.

Since here we have not gone beyond a secondary resonance, we are unable to
reproduce the higher-order calculations of (BS). But it is straightforward to describe
the possible resonance conditions. Thus let j = 0 denote the steady wave with phase &,
and let j = 1 denote the critical-layer noise with phase 4,, as in §4. Then an interaction
between P components of j =0 and Q components of j= 1 will produce the wave
J = 2 with phase 6,, provided that the following resonance conditions are satisfied:

Pou,+Quw,+w, =0, Pr,+Q0xr, +xk,=0. (5.1

For the phases # given by (4.24) these imply that
Pny+Q0n+n, =0, Psi+Qs,+5,=0, (5.2a)
and Pfo+0Of +1,=0. (5.2b)
Further, since hereny = 1,n, = —1,5,= 1,5, = —land f; = —57', f; = 1, these reduce
¢ m=0Q—-P, s5,=0-P, (5.3a)
and fo= %—Q. (5.3b)

Thus (5.3a) determines that the wave produced by the resonance is {n,, 5,, i, +} which
propagates vertically upwards, since with #, = s, as here the analysis of §4 shows that
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{n,, s,,1, —} consists of a steady wave (i = 1) and critical-layer noise (i = 2) and the
resonance is degenerate. From (4.14) it is seen that the j = 2 wave is defined in 3 = #,
and 5 < #, where (see 4.18))

Iyl 7y 2 = — {2+ |ngl} £ 2{1 + ||} (5.4)

Since here 7, , < 0 it follows that the j = 2 wave always exist in the region > 1 where
the incoming steady wave is defined. Further as % > oo the branch i = 1 has f; ~ 7' for
n, > 0 and can be interpreted as a steady wave, while the branch i = 2 has f; ~ —n, and
can be interpreted as critical-layer noise. When #, < 0, the branch i = 1 has f; ~ —n,
(critical-layer noise) and the branch i = 2 has f; ~ — (steady wave). Finally (5.35)
determines the possible resonance sites. If these lie in % > 1, then the above analysis
shows that the j = 2 wave produced by this (P, Q) resonance propagates upwards and
as 5 - oo is either a steady wave or critical-layer noise. The scenario is essentially the
same as the (2, 1) or (1,2) resonance analysed in §4.

For instance, if we put P = 3, Q = 1, then n, = 5, = — 2 and the resonantly generated
wave is a second harmonic (see (4.2a) and note that k, = — 2K). The resonance site is
7 = 2+4+/3, and the resonantly generated wave has i = 2, and hence behaves as a
steady wave as 9 — oo. This agrees with the analysis of (BS, ’.. go on to calculate the
amplitude of this wave, and interpret it as the second harmonic of the reflected wave,
whose first harmonic was described in §4. Note that to get a first harmonic for the
reflected wave, we must choose n, =5, =+1, so that —P =+ 1, and indeed the
analysis of §4 had P = 2,0 = 1, although clearly there are many other possibilities
involving higher-order interactions.

Finally, we note that the scenario described above in which the waves generating the
resonant interaction are the incoming steady wave and critical-layer noise, cannot
produce a transmitted wave. As shown by {BS), for this to occur we must consider
resonant interactions between either the incoming steady wave, or the incoming
critical-layer noise, and one of the resonantly generated waves as described above. Our
analysis at the end of §4 shows that no transmitted wave can be generated by primary
or secondary resonances of this kind, but (BS) show that higher-order resonances will
eventually produce a transmitted wave.
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